In this study, the stability of cylindrical shells that composed of ceramic, FGM, and metal layers subjected to axial load and resting on Winkler-Pasternak foundations is investigated. Material properties of FGM layer are varied continuously in thickness direction according to a simple power distribution in terms of the ceramic and metal volume fractions. The modified Donnell type stability and compatibility equations on the Pasternak foundation are obtained. Applying Galerkin's method analytic solutions are obtained for the critical axial load of three-layered cylindrical shells containing an FGM layer with and without elastic foundation. The detailed parametric studies are carried out to study the influences of thickness variations of the FGM layer, radius-to-thickness ratio, material composition and material profile index, Winkler and Pasternak foundations on the critical axial load of three-layered cylindrical shells. Comparing results with those in the literature validates the present analysis.
Introduction
Functionally graded materials (FGM) are characterized by a gradual change in properties within the specimen as a function of the position coordinates. The property gradient in the material is typically caused by a position-dependent chemical composition, micro structure or atomic order. There are several studies about the processing of FGM, and an overview of the different manufacturing methods can be found in Koizumi [1] and Kieback et al. [2] . The mechanical behavior of FGMs shells, such as bending due to mechanical loads, free vibration, stability and buckling, etc., have been studied by many scientists [3] [4] [5] [6] [7] [8] . However, the literature on the investigation of vibration and stability problems of composite structures that composed of ceramic, FGM, and metal layers is scarce. A self-consistent constitutive framework is proposed to describe the behaviour of a generic threelayered system containing an FGM layer subjected to thermal loading given by Pitakthapanaphong and Busso [9] . Na and Kim [10] investigated three dimensional thermo-mechanical buckling analysis for FG composite plates that composed of ceramic, FGM, and metal layers by using the finite element methods. Liew et al. [11] presented the non-linear vibration analysis for layered cylindrical panels containing FGMs and subjected to a temperature gradient arising from steady heat conduction through the panel thickness. Lia and Batra [12] investigated buckling of axially compressed thin cylindrical shells with the functionally graded middle layer. Sofiyev et al. [13] and Sofiyev [14] studied vibration and stability of three-layered truncated conical and cylindrical shells containing an FGM layer subjected to an axial compressive load, respectively.
For some cases, these shells are embedded in an elastic medium. There are different approaches to analyze the interaction between a structure and an ambient medium. Most earthen soils can be appropriately represented by a mathematical model from Pasternak, whereas sandy soils and liquids can be represented by Winkler's model [15] .
Despite the evident importance of practical applications cylindrical shells, the investigations on vibration and stability of homogeneous and FGM shells on elastic foundations are limited in the literature [16] [17] [18] [19] [20] [21] [22] [23] . The stability problem of composite cylindrical shells that composed of ceramic-FGM-metal layers embedded in an elastic medium, subjected to an axial compressive load have not been studied yet. In the present work, an attempt is made to address this problem. Therefore, it is very important to develop an accurate, reliable analysis towards the understanding of the stability characteristics of the layered FGM structures with the effect of an elastic medium.
Formulation of the Problem
Figure 1(a) shows a composite cylindrical shell with simply supported edge conditions, composed of ceramic, FGM, and metal layers, of length L, radius R and total thickness h = h 1 + h 2 . The ceramic and metal layers are assumed to be homogeneous and isotropic. The shell is referred to a coordinate system xyz in which x and y is in the axial and circumferential directions of the shell and z is in the direction of the inward normal to the middle surface. The origin of the coordinate system is located at the end of the shell, on the reference surface of the FGM layer. The three layered cylindrical shell containing an FGM layer is subjected to an axial compressive load T (Figure 4) : The in plane geometry of the layered structure is shown in Figure 1(b) . The FGM layer extends from and, for continuous property assumptions to be valid; the thickness of this layer must be significantly larger than dominant micro structural length scale (e.g. grain size). The interfaces between the different layers are assumed to be perfectly bonded at all times and the multilayer system behaviour to be linear elastic.
We assume that the composition is varied from the bottom to top surface, i.e. the bottom surface a ( z   ) of the layer is metal-rich whereas the top surface a ( z  ) is ceramic-rich. In such a way, the effective material properties P, like Young's modulus E or Poisson's ratio can be expressed as
in which and denote the temperature-dependent properties of the ceramic and metal surfaces of the FGM layer, respectively. where N is the volume fraction index
V c is satisfying the following conditions at homogeneous layers interfaces [9] ,
Variation of volume fraction V c in the thickness direction of composite cylindrical shell composed of Ceramic-FGMMetal layers is shown in Figure 2 . The top surface is fully ceramic and bottom surface is fully metal of the FGM layer. The horizontal-axis stands for the volumetric percentage of ceramic while vertical-axis represents the position along the thickness of shell. Metal is the dominant constituent at the bottom layer and its volume fraction is increased continually from the bottom to the top of FGM layer. At the top layer, ceramic is the dominant constituent. homogeneous metal and ceramic materials, respectively.
Basic Equations
The stress-strain relations for three layered shells containing an FGM layer are given as follows [11, 14] : 

are the stresses in the layers, e x and e y are the normal strains in the curvilinear coordinate directions x and y on the reference surface, respectively, whereas e xy is the corresponding shear strain; w is the displacement of the reference surface in the normal direction, positive towards the axis of the cylinder and assumed to be much smaller than the thickness, a comma denotes partial differentiation with respect to the corresponding coordinates.
The quantities for lamina are
The well-known force and moment resultants are expressed by [14, 25] 
The relations between the forces and the Airy stress function
For the elastic foundation, one assumes the two-parameter elastic foundation model proposed by Pasternak [15] . The foundation medium is assumed to be linear, homogenous and isotropic. The bonding between the truncated conical shell and the foundation is perfect and frictionless. If the effects of damping and inertia force in the foundation are neglected, the foundation interface pressure p may be expressed as (12) where is the modulus of subgrade reaction for the foundation and the shear modulus of the subgrade.
Note that by setting , the Pasternak model becomes that of the Winkler foundation model.
When the above assumptions are taken into consideration, the modified Donnell type stability and compatibility equations of composite cylindrical shells that composed of ceramic, FGM, and metal layers, subjected axial compressive load and resting on the Pasternak foundation are given, respectively by 
where are moment resultants.
Substituting expressions (8)- (11) and (12) in Equations. (13) and (14) 
in which expressions are defined as follows: ) 2 , 1 , 0 ( and , (15) is the basic differential equations for the vibration and stability of generic composite cylindrical shells containing an FGM layer resting on a Pasternak foundation.
Solution of Basic Equations
Consider a cylindrical shell with simply supported edge conditions. The solution of the system of equation (15) 
Numerical Results and Discussions
The buckling loads of single-layer orthotropic and [17] for the free vibration analysis of homogenous isotropic cylindrical shells resting on a Winkler foundation. The comparison is shown in Table 2 .
When the inertial term is added into the left side of Equation (13), after integrating and after some mathematical operations for the dimensionless frequency parame- Based on the above comparisons of Tables 1 and 2, the ter w 1w of the free vibration of FGM cylindrical shells resting on the Winkler-Pasternak foundations, the following expression is obtained in Equation (21): accuracy of the present study is validated.
Numerical Results
where the mass density per unit length defined as
The buckling analysis of three layered cylindrical shells containing an FGM layer was conducted for ceramic and metal combinations. The FGM material considered was Zirconium oxide and Titanium alloy, referred to as ZrO 2 /Ti-6Al-4V or FGM. The temperature dependence
This comparison is to ensure that the elastic foundation effects have been correctly integrated into the present formulation. 
in which (room temperature), P 0 , P -1 , P 1 , P 2 , P 3 are the coefficients of temperature T (K) expressed in Kelvin and are unique to the constituent materials Reddy and Chin [4] . Table  3 . The materials are assumed to be perfectly elastic throughout the deformation. E 0c , E 0m ,  0c ,  0m , are the Young's modulus and Poisson's ratio of the metal and ceramic materials of the cylindrical shell, respectively.
Typical values for ZrO 2 and Ti-6Al-4V listed in
Numerical computations, for pure metal, pure ceramic and three layered cylindrical shells containing an FGM layer with or without the Pasternak-Winkler foundations have been carried out using expression (20) . The results are presented in Table 4 and Figures 4-7 . The results given in all tables below for the values of the critical axial load, corresponding to the numbers of longitudinal and circumferential waves (m,n) are presented in parentheses.
When the shear subgrade modulus is zero and the Winkler foundation stiffness is changed, the effect on the critical axial load ( ) are 5.95%, 11.62%; 49.08% for , respectively, for N = 0.5 of the FGM layer of three layered cylindrical shells. 
Conclusions
In this study, the stability of cylindrical shells that composed of ceramic, FGM, and metal layers subjected to axial load and resting on a Pasternak foundation is investigated. Material properties of an FGM layer are varied continuously in thickness direction according to a simple power distribution in terms of the ceramic and metal volume fractions. The modified Donnell type stability and compatibility equations on a Pasternak foundation are obtained. Applying Galerkin's method analytic solutions are obtained for the critical axial load of three- 
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